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Abstract. The Bogoliubov-de Gennes equation and Nambu spinor Green’s function approach are applied to
studying the Josephson current in superconductor/ferromagnet/superconductor (S/F/S) Josephson junc-
tions in the clean limit. It is found that the critical current exhibits a damped oscillation with the F
thickness d, the oscillation period equal to 2πξF with ξF the coherence length of the F. The change of the
critical current from positive to negative is determined by factor cos φ′ with φ′ = d/ξF as the F-induced
phase difference. The exponent decay of the critical current is close related to that of the superconductor
order parameter in the F, both of them having the same decay length.

PACS. 74.45.+c, Proximity effects; Andreev effect; SN and SNS junctions – 74.50.+r Tunneling
phenomena; point contacts, weak links, Josephson effects

It is well known that a supercurrent Is could exist between
two superconductors (Ss) separated by a thin insulating
layer (I) in the absence of voltage drop between them,
which is the so-called dc Josephson effect [1]. Owing to the
quantum character of the superflow, a phase difference, φ,
between the superconductors appears. If the two super-
conducting electrodes of an S/I/S structure have different
macroscopic phases, φL and φR, the current-phase rela-
tionship is given by Is = Ic sin(φL − φR) = Ic sin φ where
Ic is the critical current. The Josephson effect also exists if
two Ss are connected by a ”weak link” of any physical na-
ture (normal metal, semiconductor, geometrical constric-
tion, etc.). The physical origin of the Josephson effect is
the breakdown of time reversal symmetry in S/I/S struc-
tures due to the macroscopic phase difference between the
two Ss. The physics of the dc Josephson effect with weak
link can be understood by the Andreev reflection (AR) [2]
processes of quasiparticles with energy smaller than the
superconducting energy gap [3]. In the weak link region,
an electron impinging on one of the interfaces is Andreev
reflected and converted into a hole moving in the oppo-
site direction, thus generating a Cooper pair in an S. This
hole is consequently Andreev reflected at the second in-
terface and is converted back to an electron, leading to
the destruction of the Cooper pair in the other S. As a
result of this cycle, a pair of correlated electrons is trans-
ferred from one S to another, creating a supercurrent flow
across the junction [3]. The AR amplitudes depend on the
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corresponding phases φL and φR, and the resulting super-
current depends on phase difference φ.

The superconductor/ferromagnet (S/F) hybrid prox-
imity structures and S/F-based multilayers have attracted
much attention in experimental and theoretical investiga-
tions [3–29]. It is expected that similar characteristics of
the Josephson effect exist in S/F/S junctions. Further-
more, there undoubtedly appear some particular effects
in them, for carriers passing through the F must feel spin-
dependent potentials as the result of the ferromagnetic
exchange energy. The Andreev process, recognized as the
mechanism of normal to supercurrent conversion [2,30],
is modified at F/S interfaces due to the spin imbalance
in the F. The current-carrying Andreev bound states are
split and shifted in an oscillatory way under the influ-
ence of the F [31]. An electron and a hole with opposite
spins and different momenta are correlated via Andreev
reflection, thus providing an extension of superconduct-
ing order parameter into the F region of length of the
order of ξF . Here ξF = �vF /2h0 is the coherence length
in the F with exchange energy 2h0 equal to the difference
in energy between spin-up and spin-down bands, and vF

the Fermi velocity. It has been shown that inhomogeneous
superconducting order parameter can be induced by the
proximity effect in a thin F film in contact to an S [6] and
in a weak F sandwiched between two Ss [7], even though
h0 in the F is greater than ∆0 in the S. A most interest-
ing phenomenon in S/F/S junctions is the crossover from
0 to π state, which was observed in Nb/CuxNi1−x/Nb
Josephson junctions by Ryazanov et al. [7]. The π state
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Fig. 1. Schematic illustration of the reflection and transmission processes of two types of quasiparticle injection processes at
the S/F/S structure. The solid-line arrow stands for the electron with spin-σ in F or electron-like quasiparticle in S, while the
dotted-line arrow for the hole with spin-σ̄ in F or hole-like quasiparticle in S.

is characterized by a phase shift of π in the ground state
of a junction and is formally described by the negative
critical current Ic(φ′) in the relation Is = Ic(φ′) sin φ with
φ′ the extra phase difference due to the F layer. Kontos
et al. [11] investigated the Josephson coupling through
a thin F film using S/I/F/S planar junctions and found
damped-oscillatory behavior of Ic as a function of the F
thickness.

In this paper we extend the theoretical approach of
Blonder-Tinkham-Klapwijk (BTK) [30], which was previ-
ously used to study differential conductance of normal-
metal (N)/S junction systems, to calculate wave functions
of quasiparticles in an S/F/S structure. General expres-
sions for both normal and Andreev reflection amplitudes
are obtained, from which the Josephson current is calcu-
lated. Furthermore, we construct 2 × 2 spinor retarded
Green’s function in the Nambu representation [32], with
which the induced superconducting order parameter F (x)
in the F is obtained. Inhomogeneous F (x) in the mid-
dle F layer can result in a phase difference φ′ across the
junction, regardless of the original macroscopic phase dif-
ference φ. This phase difference is given by φ′ = d/ξF with
d the thickness of the F layer, and the critical current can
be approximately expressed as Ic(φ′) = Ic cosφ′ where Ic

decreases monotonously with increasing d. The existence
of φ′ leads to oscillations of Josephson current Is with
d/ξF and changes the sign of critical current Ic(φ′) at the
crossovers between 0 and π states. In the clean limit, we
obtain Ic decaying exponentially with d/ξF . Such a decay-
ing Ic is close related to order parameter F (x) in the F,
which decays with distance from the F/S interface. Both
of them depend on the exchange energy, the F thickness,
and temperature.

Consider an S/F/S Josephson junction consisting of
two semi-infinite Ss and a ferromagnetic interlayer of
thickness d. The F and Ss are separated by interfaces
at x = 0 and x = d, as shown in Figure 1. The Ss are
described by the BCS Hamiltonian, and their supercon-
ducting pair potentials are assumed to have the same
magnitude but different phases (φL and φR), given by
∆(r) = ∆(T )[exp(iφL)Θ(−x) + exp(iφR)Θ(x − d)]. Here

∆(T ) is the temperature dependent energy gap that fol-
lows the BCS relation ∆(T ) = ∆0 tanh[1.76(Tc/T − 1)]
with Tc the critical temperature of the Ss, and Θ(x) is
the unit step function. The F layer is described by an ef-
fective single particle Hamiltonian with exchange energy
2h0, and each interface is described by a δ-type potential
with the same strength, V (x) = Uδ(x) + Uδ(x − d). For
simplicity, the effective masses m are taken to be equal in
both F and S. We adopt the BdG approach [33] to study
the S/F/S junction. This approach has been widely ap-
plied to describing quasiparticle states in superconductors
with spatially varying pair potentials. In the F/S junction,
the quasiparticle states are generally expressed by wave
functions of four components, respectively, for electron-
like quasiparticle (ELQ) and holelike quasiparticle (HLQ)
with spin up and down. In the absence of spin-flip scat-
tering, the four-component BdG equations may be decou-
pled into two sets of two-component equations: one for the
spin-up electronlike and spin-down holelike quasiparticle
wave functions (u↑,v↓), the other for (u↓, v↑). The BdG
equation is given by
[

H0(r) − ησh(r) ∆(r)
∆∗(r) −H0(r) − ησh(r)

] [
uσ(x, θ)
vσ̄(x, θ)

]
=

E

[
uσ(x, θ)
vσ̄(x, θ)

]
. (1)

Here H0(r) = −�
2∇2

r/2m+V (r)−EF with V (r) the usual
static potential, E is the quasiparticle energy relative to
Fermi energy EF . h(r) = h0 in the F region (0 ≤ x ≤ d),
ησ = 1 for σ =↑ and −1 for σ =↓, and σ̄ stands for the spin
opposite to σ. Following the McMillan’s method [34], we
can obtain the reduced BdG equations for the quasipar-
ticle wave functions. There are four types of quasiparticle
injection processes in an S/F/S junction: an ELQ (HLQ)
incident on the left (right) interface from the left (right)
S. Let us consider two of them. Suppose a beam of spin-σ
ELQ incident on the interface at x = 0 at an angle θS from
the left S, as shown in Figure 1a. There are four possible
trajectories in the Ss: ELQ (bσ

1 ) and HLQ (aσ̄
1 ) reflections

in the left S, transmissions to the right S as ELQ (cσ
1 )
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and HLQ (dσ̄
1 ). In the middle F layer there exist multi-

reflected electrons (eσ
1 and fσ

1 ) at angle θ+
A and holes (gσ̄

1

and hσ̄
1 ) at angle θ−A . With general solutions of the BdG

equation, the wave functions in S and F regions can be
obtained. Owing to translational invariance in directions
parallel to the interface, the wave functions in the S and
F are given by

ΨLS
1σ =

(
ueiφL/2

ve−iφL/2

)
eik+xcos θS

+ aσ̄
1

(
veiφL/2

ue−iφL/2

)
eik−xcos θS

+ bσ
1

(
ueiφL/2

ve−iφL/2

)
e−ik+xcos θS , (2)

for x ≤ 0;

ΨF
1σ =

(
1
0

)
[eσ

1eiq+
σ xcos θ+

A

+ fσ
1 e−iq+

σ xcos θ+
A ] +

(
0
1

)
[gσ̄

1 eiq−
σ̄ xcos θ−

A

+ hσ̄
1 e−iq−

σ̄ xcos θ−
A ], (3)

for 0 ≤ x ≤ d; and

ΨRS
1σ = cσ

1

(
ueiφR/2

ve−iφR/2

)
eik+xcos θS

+ dσ̄
1

(
veiφR/2

ue−iφR/2

)
e−ik−xcos θS , (4)

for x ≥ d, where u =
√

(1 + Ω/E)/2 and v =√
(1 − Ω/E)/2 with Ω =

√
E2 − ∆2(T ). The wavevec-

tors for the electrons and holes in the Ss are given by
k± = kF

√
1 ± Ω/EF , those in the F are given by q±σ =

kF

√
1 + (ησh0±E)/EF ) with σ the spin index. In the

BTK approach, since the wave-vector component par-
allel to the interface is assumed to remain unchanged
in the reflection and transmission processes, the angles
θS and θ±A differ from each other except when θS = 0.
All the coefficients aσ̄

1 , bσ
1 , cσ

1 , dσ̄
1 , eσ

1 , fσ
1 , gσ̄

1 and hσ̄
1

can be determined by matching the boundary conditions:
ΨLS

1σ (0) = ΨF
1σ(0) and (dΨF

1σ/dx)x=0 − (dΨLS
1σ /dx)x=0 =

2kF cos θSZΨF
1σ(0) at x = 0, and ΨF

1σ(d) = ΨRS
1σ (d) and

(dΨRS
1σ /dx)x=d − (dΨF

1σ/dx)x=d = 2kF cos θSZΨF
1σ(d) at

x = d, where Z = mU/kF cos θS is a dimensionless pa-
rameter describing the magnitude of interfacial resistance.

For the injection of a beam of spin-σ̄ HLQ on the in-
terface at x = 0 at an angle θS from the left S, as shown
in Figure 1b, the wave functions are given by

ΨLS
2σ̄ =

(
veiφL/2

ue−iφL/2

)
e−ik−xcos θS

+ aσ
2

(
ueiφL/2

ve−iφL/2

)
e−ik+xcos θS

+ bσ̄
2

(
veiφL/2

ue−iφL/2

)
eik−xcos θS (5)

for x ≤ 0

ΨF
2σ̄ =

(
0
1

)
[eσ̄

2 eiq−
σ̄ xcos θ−

A

+ f σ̄
2 e−iq−

σ̄ xcos θ−
A ]

(
1
0

)
[gσ

2 eiq+
σ xcos θ+

A

+ hσ
2 e−iq+

σ xcos θ+
A ] (6)

for 0 ≤ x ≤ d, and

ΨRS
2σ̄ = cσ̄

2

(
veiφR/2

ue−iφR/2

)
e−ik−xcos θS

+ dσ
2

(
ueiφR/2

ve−iφR/2

)
eik+xcos θS (7)

for x ≥ d. The wave functions for the other two types of
quasiparticle injection processes can be obtained in a sim-
ilar way. The dc Josephson current at a given temperature
can be expressed by the Andreev reflection amplitudes in
terms of the finite-temperature Green’s function formal-
ism [35]

Is =
e∆

2�

∑
k‖

∑
σ,ωn

kBT

Ωn
[k+(ωn)

+ k−(ωn)]

[
aσ̄
1 (iωn, φ)
k+(ωn)

− aσ
2 (iωn, φ)
k−(ωn)

]
(8)

where ωn = πkBT (2n + 1) are the Matsubara frequencies
with n = 0,±1,±2, ..., and Ωn =

√
ω2

n + ∆2(T ). k+(ωn),
k−(ωn), aσ̄

1 (iωn, φ), and aσ
2 (iωn, φ) are obtained from k+,

k−, aσ̄
1 and aσ

2 by analytically continuing E to iωn.
Next, we construct the Nambu spinor Green’s func-

tion [32] in the S/F/S structure. With the wave functions
Ψiσ(i = 1, 2, 3, 4 and σ =↑, ↓), the retarded Green’s func-
tion is given by [36,37]

Gσ
r (x, x′, E) =



ασ
1Ψ3σ(x)Ψ t

1σ(x′) + ασ
2Ψ3σ(x)Ψ t

2σ(x′)

+ασ
3Ψ4σ(x)Ψ t

1σ(x′) + ασ
4Ψ4σ(x)Ψ t

2σ(x′), x ≤ x′

βσ
1 Ψ1σ(x)Ψ t

3σ(x′) + βσ
2 Ψ1σ(x)Ψ t

4σ(x′)

+βσ
3 Ψ2σ(x)Ψ t

3σ(x′) + βσ
4 Ψ2σ(x)Ψ t

4σ(x′), x ≥ x′

(9)

where the wave function Ψ t
iσ(x) is the transposition

of Ψiσ(x). The coefficients ασ
i and βσ

i (i = 1, 2, 3, 4, )
can be determined by satisfying the following boundary
conditions: Gσ

r (x, x + 0+, E) = Gσ
r (x, x − 0+, E), and

dGσ
r (x, x′, E)/dx|x=x′+0+ − dGσ

r (x, x′, E)/dx|x=x′−0+ =
(2m/�

2)τ̂3 with τ̂3 the Pauli matrix. After carrying out
a little tedious calculation, we can get the 2×2 retarded
Green’s functions [38]. The superconducting order param-
eter F (x) is determined by the off-diagonal component of
the Green’s function with x = x′,

F (x) =
1
π

∑
k‖,σ

∫ ∞

0

dEIm[Gσ
r (x, x, k‖, E, φ)]12. (10)
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Fig. 2. Josephson current Is as a function of d for different
h0/EF . Here Z = 0.3, φ = π/2, and T = 0.2Tc are taken.

In what follows we discuss numerical results from equa-
tions (8) and (10). Figure 2 shows damped oscillations of
Josephson current Is as a function of the F thickness. In-
terestingly, the oscillation periods for different exchange
energy are equal to 2πξF . With increasing h0, ξF becomes
short and does the oscillation period. Such a damped os-
cillation can be understood by the following argument.
For an S/I/S structure with macroscopic phase difference
φ, the current-phase relationship is Is = Ic sin φ. In the
S/F/S junctions, the correlated electrons and holes in the
F region have opposite spin directions and finite center-
of-mass momentum Q = 1/ξF due to the existence of h0.
This leads to spatial dependent superconducting order pa-
rameters in the F [6,38]. Such an oscillation of the order
parameter is somewhat analogous to that of the “FFLO”
state [39,40] in magnetic superconductors, but the pair
potential is absent here. In our calculation it is found that
the interference effect of the wave functions of electrons
and holes in the F region results in oscillating factors such
as exp(ix/ξF ). As a pair of correlated electrons are trans-
ferred from one S to another via the F layer, a phase dif-
ference φ′ = d/ξF appears due to the oscillatory factor
exp(ix/ξF ). The critical current is approximately given
by Ic(φ′) = Ic cosφ′. In Figure 2 the dc Josephson cur-
rent changes the sign periodically according to cosφ′ with
φ = π/2. In the absence of φ′ at d = 0, the junction is
in the 0 state. With increasing d, φ′ increases and cosφ′
changes its sign from positive to negative at d/ξF ≈ π/2
and back to positive at d/ξF ≈ 3π/2. There appear pe-
riodic changes between 0 and π states with increasing d,
in which the π state corresponds to the negative critical
current. Another interesting result shown in Figure 2 is
that rapid oscillations with small amplitude of the Joseph-
son current are superimposed on oscillations related to the
crossovers between 0 and π states. These rapid oscillations
arise from coherent interference effects within the middle
F layer in the clean limit [15].
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Fig. 3. Phase-independent critical current Ic as a function of
exchange energy h0 for d = 15 nm (solid line), 25 nm (dashed
line) and 40 nm (dotted line). (b) Phase-independent critical
current Ic as a function of d for h0 = 0 (solid line), 0.05EF

(dashed line) and 0.1EF (dotted line).

Apparently, the phase-independent critical current Ic

defined here is still a function of exchange energy h0

and F thickness d. As shown in Figure 3, Ic decreases
monotonously either with increasing the exchange energy
for fixed d or with increasing the F thickness for fixed
h0. It is found that curves in Figure 3 can be well fitted
to Ic ∝ exp(−d/ξF ), the decay length just in agreement
with the oscillation period. As a result, either an increase
of d or a decrease of ξF = �vF /2h0 can equivalently result
in an exponential decay of Ic. It is interesting to point
out that this decaying behavior is obtained in the clean
limit without introducing any impurity scattering. Such
a decay of Ic is close related to the spatial variation of
the superconducting order parameter in the F. Figure 4
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Fig. 4. Spatial variation of the module of the superconducting
order parameter in F for d = 25 nm, h0/EF = 0, 0.003, 0.01,
0.05 and 0.1 (a); and h0/EF = 0.05, d = 10, 15 and 25 nm (b).

shows calculated results for the spatial variation of |F (x) |,
the module of the superconducting order parameter, in
the middle F layer of an S/F/S Josephson junction. The
order parameter is diminished with distance from the F/S
interface and exhibits a minimum at the center of the
F layer. The finite F (x) in the F is a result of interfer-
ence of the correlated electrons and holes in the F region,
and stems from the proximity effect of the superconduct-
ing electrodes. It then follows that the decrease of Ic and
|F (x) | in the F is of the same origin, the F-induced loss of
the coherence of electrons and holes in the Andreev bound
states [41]. With increasing either h0 or d, the coherence-
broken effect is enhanced, producing a decrease in |F (x) |
and Ic.

In summary, we have studied the dc Josephson current
Is of the S/F/S junctions in the clean limit using the BdG
equation and Nambu spinor Green’s function approach. It
is found that as a pair of correlated electrons are trans-

ferred from one S to another via the F layer, there ap-
pears an extra phase difference φ′ = d/ξF induced by the
exchange energy of the F layer. This leads to a damped os-
cillation of critical current Ic(φ′) with the F thickness from
the 0 to π states, the oscillation period equal to 2πξF . Ow-
ing to the existence of the ferromagnetic exchange energy,
the superconducting order parameter in F decays expo-
nentially, resulting in an exponential decay of Ic of the
S/F/S junction with decay length ξF . Numerical results
indicate that, for an S/F/S junction with low interfacial
transparency, the Josephson current can be approximately
expressed as Is = Ic(0) exp(−d/ξF ) cosφ′ sin φ with Ic(0)
constant if the coherent (geometrical) oscillations with
small amplitude are neglected.

Most of the practical S/F/S junctions are in the dirty
limit. The present results in the clean limit are qualita-
tively consistent with those in the dirty limit. In the bal-
listic junctions, however, spatial oscillations are easier to
observe and the transition region of coexisting 0 and π
states is larger. In addition, the coherency effects result
in rapid oscillations with small amplitude of the Joseph-
son current superimposed on oscillations related to the
crossovers between 0 and π states. The π junction may be
used as the phase inverter in superconducting digital cir-
cuits, and for engineering a quantum two-level system, or
qubit, which is the basic element of a quantum computer.

This work is supported by the National Natural Science Foun-
dation of China under Grants No. 10374046 and 90403011.
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